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Abstract 

We study the Landau-Ginzburg (LG) mirror theory of the non-hnear sigma model on 
the ALE space Ai obtained by resolving the singularity of the orbifold C^/Z^v. In the LG 
description, the data of the BPS spectrum and the lines of marginal stability are encoded 
in the special Lagrangian sub manifolds of the mirror manifold Ai. Our LG description is 
quite simple as compared with the quiver gauge theory analysis near the orbifold point. 
Furthermore our mirror analysis can be applied to any point on the moduli space of Ai. 



1 Introduction 



In the Calabi-Yau (CY) compactifications of string theory, a deep understanding of 
D-branes wrapped around the compact submanifolds is required to determine the physical 
BPS spectrum. When one moves around the compactification moduh space, the nature of 
wrapped D-branes is expected to change dramatically. On the moduli space, there are two 
distinguished points which have been physically well understood: large volume limit and 
orbifold point. One may have a natural question how one should interpolate these two 
points to characterize BPS D-branes at arbitrary points on the moduli space. Recently, 
many analyses concerning this problem have been performed in ^, ^, ^, |^, |^ . 

In these analyses, mirror symmetry has played a central role. One of the recent 
developments in this direction is found in [§,11, where the non- linear sigma model on 
a toric variety is shown to have an equivalent description given by a Landau- Ginzburg 
(LG) model with a suitable superpotential. Furthermore, it has been realized there that 
D-branes wrapping holomorphic cycles in the toric variety are mirror to D-branes wrapped 
on certain Lagrangian submanifolds on the LG side. The works [10| treat a related subject. 

In this paper, we wish to utilize this mirror technique to study the BPS spectrum 
coming from D-branes on the ALE space A4 given by blowing up the singularity of the 
orbifold C^/Zat. In [|ll|, D-branes on A4 near the orbifold point have been investigated 
in terms of the quiver gauge theory |]12|. Moreover the BPS spectrum and the lines of 
marginal stability were determined. In particular, it has been recognized that all the lines 
do not lead to the decay of BPS states. However, the analysis has been restricted to the 
vicinity of the orbifold point in the whole moduli space spanned by complex blowing up 
parameters. The quiver gauge theory inevitably fixes the value of B field in the non-linear 
sigma model on Ai. 

A distinguished feature of using the LG mirror description is that we can examine 
the BPS spectrum over the whole moduli space spanned by the blowing up parameters. 
We map the data of the BPS spectrum into the mirror manifold Ai. Then, we give the 
mass formula and the lines of marginal stability in terms of the geometry of the special 
Lagrangian submanifolds in Ai. 

This paper is organized as follows. In section 2, we formulate the non-linear sigma 
model on the ALE space Ai using a certain gauged linear sigma model. In section 3, we 
will explain how BPS spectrum near the orbifold point are studied by the representation of 
a quiver diagram, following [|TT]. In section 4, the LG mirror description of the sigma model 
on A4 will be presented, following ^. We study BPS spectrum in terms of the special 
Lagrangian submanifolds in Ai. Then, we perform explicit analyses for the simplest cases, 
C^/Z2 and C^/Zs. The last section is devoted to conclusions and discussion. 
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2 Non-linear sigma model 



The non-linear sigma model on the ALE space Ai, which is given by blowing up 
the orbifold C^/Z^r, is described by the low energy effective theory of a certain M = 2 
gauged linear sigma model ||13| (We use the same notation for M = 2 theories in two- 
dimensions as PI). The gauged linear sigma model contains + 1 chiral superfields 
$j {i = 1, . . . , + 1) and A^ - 1 vector superfields Va (a = 1, . . . , A^ - 1) with field 
strength E^, which contribute to the gauge group f/(l)^~^ = Jl^i^ U{l)a- The theory is 
parameterized by Fayet-Iliopoulos (FI) parameter r^, theta angle 9a and gauge coupling 
Ca- We can combine and 6a into a complex parameter ta = Va — iOa- The Lagrangian 
is given by 

L = jd'e[j: ^^e'T..:. Q^^y^^^ _ i^'^^^j - ^/^'^ E ^^s, + c.c.j , (2.1) 

where the U{l)a charges Qai carried by $j follows: 

r -2, i = a + l, 
Qa^ = \ 1, 2 = a, a + 2, (2.2) 
[ 0, otherwise. 

These charges are identified with the charge vectors in the toric data for M.. 

After integrating out the auxiliary fields, we have the following scalar potential energy 
derived from the Lagrangian ( p.l|) 

A^-l f /„2 N+l \ 2 N-l 1 

^ = E U I ^ ^-I'^'l' - + E QlMa?\H' I , (2.3) 

where (pi and a a are the scalar components of and Sq, respectively. Let us describe 
the classical vacuum moduli space which is the space of zeros of V modulo gauge trans- 
formations. In the case of 7^ 0, a solution is given by 

N+l 

Y.Qa^\<P^? = ra, O = 1, . . . , A^ - 1, (2.4) 

i=l 

with the gauge identification exp(X]^i^ Qai1a)<Pi ~ 0j (7a € R-) and ctq = 0. In this region, 
if we take the limit — >^ cxd or the long distance limit, the system reduces to the non-linear 
sigma model whose target space is the configuration space of classical vacua ( p.4|) modulo 
gauge transformation. This target space is nothing but Ai. Quantum mechanically, we 
would have singularities of the quantum theory which emerge at some specific values of 
ta- However, two generic smooth points in the moduli space can be smoothly connected 
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without passing the singularities. Thus, M. can be reahzed as a vacuum moduh space of 
the hnear sigma model. 

The region > corresponds to the blow-up phase, where we have the exceptional 
divisors described by (pa, 4>a+2 which cannot vanish simultaneously. On the other hand, 
in the region < 0, (pa+i cannot vanish and the exceptional divisors are blown down. 
The — 1 exceptional divisors aa {a = 1, . . . , N — 1) appearing from the singularity of 
C^/Zat are given by the loci 

aa : {0a+i = O}, a = l,...,iV-l. (2.5) 

Roughly speaking, the FI parameters (a = 1, ... — 1) control the volume of the 
2-cycles aa- On the other hand, 6a reduce to B fields in the sigma model. The reader 
should note that we can rely on the sigma model description only in the blow-up phase. 

In the large volume limit (r^ —>■ +oo), the BPS objects in the bulk theory on Ai would 
be provided by DO-branes on Ai, the bound states of them, (anti-) D2-branes wrapping 
the 2-cycles and their bound states with DO-branes. In the next section, we will take 
the opposite limit (r^ —>■ —oo), i.e. orbifold point where all iV — 1 cycles in Ai shrink 
and the smooth ALE space Ai becomes the singular orbifold C^/Z^v. We will see how 
the BPS states in the large volume and orbifold pictures are related to each other. This 
will be carried out by making use of quiver gauge theory . 

3 Quiver gauge theory 

Consider the gauge theory on the worldvolume of a single DO-brane probe placed 
at the orbifold singularity of C'^/Zn [|1^. The quiver gauge theory under consideration 
is a projection of the ordinary gauge theory on N DO-branes in the covering space C^. 
The resulting field theory is summarized by a quiver diagram. Its gauge group is the 
product Hill U{ni). The matter content of the quiver gauge theory is Ojj bi-fundamental 
hypermultiplets in the representation ®fj=iaij{ni^nj). Here, this Ojj is determined by 
Cij = —25ij + ttij, where Cij is the Cartan matrix of the affine Lie algebra A^v-i. Also 
the theory has A^ Fayet-Iliopoulos (FI) parameters Q {i = 1,...,N). Then, the first 
A^ — 1 parameters correspond in the large volume limit to the blowing up parameters 
Ta {a = 1, . . . , N — 1) which appeared in the previous section. We can remove the A^-th 
FI parameter (jy by the condition J2iLi = 0. 

In order to specify BPS states, we have to solve the F- and D-flatness conditions of 
the gauge theory. In it was realized that a representation theory of a quiver diagram 



enables us to give an efficient way to analyze BPS spectrum. We will explain how this 
quiver gauge theory encodes the data about the BPS spectrum near the orbifold point. 
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3.1 Representation of a quiver diagram 

Let us begin with a configuration of the quiver gauge theory as a representation of 
the quiver diagram. The set of non-negative integers n = {ni, . . . ,71^), which we call 
dimension vector, specifies the gauge group. The representation space with the fixed 
dimension vector n corresponds to the configuration space of the quiver gauge theory. We 
can specify a subrepresentation of a generic representation with dimension vector n. The 
dimension vector of this subrepresentation, n' = {n'l^n^., . . . jn'^), is called a subvector of 
n. 

The dimension vectors are in one-to-one correspondence with the lattice spanned by 
the simple roots of the affine Lie algebra A^^i. The dimension vector specifies the site 
in the positive root lattice r_,_ of Aj^_i 



^+ = \y2^i^i(^ (3-1) 




where {i = 1,...,N) are the simple roots of A^-i- The first — 1 simple roots 
ai [i = 1, . . . , N — 1) correspond to the — 1 exceptional divisors in Ai. 

Suppose we have a certain BPS state with dimension vector n. The central charge Z 



of this state reads 11 



TV v^AT 



Z = J:C^n. + ^^^. (3.2) 
i=i 

The mass M of BPS states is associated with the central charge Z by M = \Z\/gs, where 
gs is string coupling constant. BPS states in A4 would occupy only a subset of the lattice 
r+. Thus, we have to determine which sites in the lattice r+ ( p.l|) are occupied by the BPS 
states and the degeneracy of each states. This is carried out in the following subsection. 

3.2 BPS spectrum 

Let us introduce the real A^-dimensional vector 9 = {9i,92, ■ ■ ■ , 6* at). The representation 
with dimension vector n is 6' stable if, for any subrepresentation with subvector n' and 
any 9 vector satisfying Y^iLi ni9i = [§[ Pl , 

TV 

E<^^>0. (3.3) 

1=1 

The importance of this 9 stability lies within the following mathematical fact: 9 stable 
representations are in one-to-one correspondence with the solutions to the F- and D- 
fiatness conditions. Thus, 9 stable representations correspond to BPS states. 
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The vector 6 can be mapped into FI parameters in the quiver gauge theory. The 
relation reads 

e^ = Q- ^f^. (3.4) 

If we shift the value of FI parameters, the volume of exceptional divisors changes. At a 
certain value, we would encounter BPS states at threshold. Let us sketch this situation 
as follows. We denote a collection of BPS states by S** and 5*/, . . . , S*^, whose central 
charges are and Z(, . . . , Z^^. If the condition 



\z^\ = \z(\ + \zi\ + ... + \zf^„ 

argZ* = aigZ( + argZl + . . . + argZ^, (3.5) 

is satisfied in the space of FI parameters, the decay of an initial BPS state S** into final m 
BPS states S(, S'l , . . . , S^^ is allowed. However, the collection of BPS states S(, . . . , S^^^ 



does not correspond to a stable representation. If the condition (|3.5|) is satisfied, we 
should see and S(, . . . , to be an identical state. 

With this kept in mind, we can proceed by introducing 9 semi-stability. The rep- 
resentation with dimension vector n is 6' semi-stable if, for any subrepresentation with 
subvector n' and any real 9 vector satisfying X^ili ^i^^i = 0, 



N 



E<^^>0. (3.6) 

i=l 

In general, a 9 semi-stable representation cannot correspond to any solution to the F- and 
D-flatness conditions. However, there is a distinguished 9 semi-stable representation which 
corresponds to a solution to the F- and D-flatness conditions. Actually, this representation 
is a direct sum of 9 stable representations, which was called a graded representation in 
pn| . This representation is none other than what we want. Furthermore, the notion of 



^-equivalence enables us to identify 5* and 5*/, . . . , S*^ if the condition ( |3.5| ) is satisfied. 
We should note that S'-equivalence excludes all the 9 semi-stable representations which 
do not correspond to solutions to the F- and D-fiatness conditions. 

Now, we define the moduli space of BPS states as the space of 9 semi-stable represen- 
tations with ^-equivalence. We should assure that this moduli space have an non-negative 
dimension. Then, the correspondence between the subset of r+ and the BPS spectrum 
in the large volume limit is determined as follows [|TT|]. 

(I) The positive root of Ajy^i given by a+ corresponds to D2-brane wrapping the 
2-cycle q;+ in A4. 

(II) The null roots n6 {n > 1) correspond to the bound states of n DO-branes on Ai. 
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(III) The roots of the form + n(5 (n > 1) correspond to the n-th KK excitation of 
D2-brane wrapping the 2-cycle a+ in Ai. 

(IV) The roots of the form — a+ + n6 (n > 1) correspond to the {n — l)-th KK 
excitation of anti-D2-brane wrapping the 2-cycle a+ in A^. 

We have introduced above the notations a+ and 5: 

a+ G {aij = ai + Oj+i H ^ «j ; 1 < « < j < - 1}, 

N 

<5 = (3-7) 

which stand for a positive root of the Lie algebra An~i and the null root of A^-i, respec- 
tively. Then, the positive root a+ = ai + ■ ■ ■ + aj can be interpreted as the homological 
sum of the 2-cycles a,, . . . , aj in ( p.5|) . We use the same symbol a+ to specify the cor- 
responding 2-cycle in Ai. The dimension vector corresponding to the simple root has 
entry one in the i-th component with all other entries being zero, and one associated with 
the null vector is (1, 1, ... , 1). 

3.3 Marginal stability 

We give now general remarks on the moduli space of BPS states. If the condition 
( p.5|) is satisfied, the decay of the initial BPS state S** into other final m BPS states 
S(, S2, ■ ■ . , S^^ is allowed. In terms of the representation of a quiver diagram, 6 stable 
representation becomes 6 semi-stable representation, which is ^-equivalent to a direct 
sum of 9 stable subrepresentations. In general, the condition ( ^75|) is satisfied in a certain 
submanifold of the moduli space. This submanifold is usually called a "line of marginal 
stability" . However, the reader should not confuse the term "line" with a line in the moduli 
space. Actually, the locus of the marginal stability is a codimension one submanifold in 
the moduli space. On the other hand, due to the celebrated McKay correspondence, we 
have a one-to-one correspondence between BPS states in Ai and root vectors of A^v-i 
throughout the moduli space. This fact means that we cannot miss any BPS states in 
wandering the moduli space. Thus, we always have the lines of marginal stability, which 
do not lead to the decay of BPS states. 

Instead of making a general analysis on lines of marginal stability, we show an example 
only for the simplest case, C^/Z2 orbifold. Consider the 6 stable representation with 
n = (1,1). This corresponds to a DO-brane in JH. We choose {9i,92) to satisfy the 
relation X^Li ^i^i = ^1 + ^2 = 0. At 9i = 0, 9 stable representation n becomes 9 semi- 
stable, and ^-equivalent to the direct sum of two subrepresentation with n' = (1, 0) and 
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n' = (0, 1). The corresponding marginal stability line = is rewritten in terms of the 
FI parameter as Ci = using ( p.4|) . In other words, we have the following BPS state at 
threshold on the marginal stability line 

D0< — ^D2 + D2. (3.8) 

Note that, on both sides of marginal stability line, DO-brane is 6 stable. Thus, DO-brane 
cannot decay anywhere in the moduli space. In this way, the line of marginal stability 
can be determined by examining the 6 stability, not by solving the condition (|3.5| ). 

One might wonder that the analysis in this section cannot be applied to the large 
volume region in the moduli space of A4. Our motivation for using mirror symmetry 
is to remedy this deficiency. In the next section, the LG mirror of the sigma model 
on A4 will be studied. We will often use there the terms "D2-brane" or "DO-brane" in 
the sigma model sense to specify BPS states, although they are meaningful notations only 
in the large volume limit of the sigma model. Furthermore, we remind the reader not to 
confuse D2-branes in the sigma model with D2-branes in the LG theory which will appear 
in the next section. 



4 Landau-Ginzburg theory 

The non-linear sigma model in the previous section has a mirror counterpart which 
is described in terms of a LG theory P, ^j. The field contents of the mirror LG theory 
consist of + 1 twisted chiral superfields Yi {i = 1, . . . , N + 1) and the A^ — 1 twisted chiral 
superfields (a = 1, . . . , — 1) which have already appeared in the previous section as 
the super field strengths for V^. The twisted superpotential reads ^ 

_ N-l /N+1 \ N+1 

^ = E E Qaiy^ - + E e'^^N (4-1) 

a=l \ i=l J 1=1 

where /i is a cut-off parameter. 

Our aim in this section is to study the BPS states and their stability in the bulk 
theory. To this end, it suffices to compute the period integral of the form [0, |^ 

n = [Ud^all dY, exp{-W) (4.2) 

which, when integrated over appropriate regions in the field configuration space, yields 
the BPS masses. The expression of the period ( [4.2|) can be simplified following the ma- 
nipulation used in 0. Integrating out leads to the constraints among the superfields 



7 



Let us apply the constraints 
twisted chiral superfields by 



N+l 
i=l 



(4.3) 



to the twisted superpotential (^?T|). If we define two 



/xexp 



Af-l 



i=l 



w 



exp 



1 TV-l 



(4.4) 



which take their values in C*, then all other superfields Yi {i = 3, . . . , + 1) can be 
expressed by v and w with the help of the charges (|2.2D. The resulting period is 



n 



dvdw 



vw 



N-l 



exp(-l^), W = v[w-^+Y.Ciw'-^ + w^~^ 



(4.5) 



i=l 



where the complex parameters Ci {i = 1, . . . , N — 1) are given by 



Cj = exp 



i-l 



N-l 



N 



(4.6) 



In ( [4.5|) and hereafter, we will omit unimportant numerical factors in front of the period. 
The variable v cannot be simply integrated out since it takes values in C*. In other words, 
the integral measure in ( [4. 51) contains the factor dv/v. To appropriately eliminate v, we 
introduce two additional twisted chiral superfields x and y which take values in C. Then, 
it is easy to verify that the period ( [4.5|) is equivalent to 



n 



dvdwdxdy 



w 



exp{-W), W = v[w-^+Y^ dw'-^ + 



N-l I 

w + xy 



(4.7) 



1=1 



where v can be viewed as a C variable. In fact, integrating x and y out reproduces ( [4.5| ) 
and especially the measure dv/v, which ensures that v was originally a C* variable. 

The variable v can now be safely integrated out, leading to the following expression 
of the period, 

dwdxdy 



n 



rdwdxdy^ 



Ciw' ^ + ^ + xy] . 



This result implies that we can analyze the BPS spectrum by identifying the LG theory 
with the sigma model on the mirror CY Ai given by 

f f{w, z)^l + zw + Eils' c^w' + = 0, 
I xy = z-ci, 



M 



(4.9) 



8 



where we have introduced an extra C variable z. The final expression of the period is 
obtained by integrating out y in ( ^l8|) as 



The 2-form Vt defined above is none other than the holomorphic 2-form on M.. 

The geometry of M. takes the form of the product of two fibrations over the base 5 ~ C 
parameterized by z. One of the two fibers is the set of points Fx = {wi{z), . . . ,WNiz)} 
in the w plane, which solve the equation f{w,z) = 0. Let us define the discriminant of 
the polynomial f{w,z) by A(z) = Hi^il-^ ~ ^i)- Then, some two points in Fi coalesce 
when z meets one of the N points P = {zi, . . . , z^} on B. The other fiber is the algebraic 
torus F2 ~ C* given hj xy = z — ci, which degenerates at {z = ci}. 

4.1 Special Lagrangian submanifolds 

We have to look for all the special Lagrangian submanifolds in Ai, which contribute to 
the BPS states in the bulk theory. Before identifying the special Lagrangian submanifolds, 
let us consider for an exercise how middle dimensional compact submanifolds, which are 
not necessarily special Lagrangian, are embedded in A^. A simple example would be 2- 
sphere, as we will explain now. First consider a line interval L on B connecting {z = ci} 
and one of the points in P, say {z = zi}. Then, a 2-sphere S can be constructed as a 
submanifold fibered over L. The real one dimensional fiber f of S lies in the fiber of Ai, 
FiX F2. The projection of / on Fi consists of the two points in Fi, which meet each other 
at the endpoint {z = Zi} of L. On the other hand, the projection of / on F2 ~ C*, which 
can be interpreted as an infinitely elongated cylinder, is the compact circle in the cylinder 
which shrinks at {z = Ci}. It is evident that S obtained this way forms a 2-sphere in Ai. 
It is shown in Figure how the 2-sphere S is embedded in Ai. 

Let us turn to the problem of finding the special Lagrangian submanifolds in At. 
For a submanifold C to be special Lagrangian, the following conditions must be satisfied 




dwdx 



(4.10) 



wx 



H, HH, 113: 



Im(e-*^fi)| 



uj\c = 0, 



0. 



(4.11) 
(4.12) 



Here, uj is the K abler form on Ai 



UJ = - 



{dwdw + dxdx + dydy), 



(4.13) 
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Figure 1: Non-compact mirror Calabi-Yau M. and a 2-sphere S embedded in it. 



where f{w,xy + Ci) =0 is implicitly assumed to eliminate y. The phase 9 G [0,27r) [] 
should be constant over all points on C. We often call C a special Lagrangian submanifold 
with phase 6. 

The form of ^7 = d{lnw)d{lnx) and the condition ( [4.12|) suggest that a compact 
special Lagrangian submanifold projected on both the (\nw)- and (Inx)- plane must be a 
straight line. To specify how the straight line is lying on the (Inw)-plane, it is convenient 
to introduce an infinite number of points, 

Ui{n) = lnwi{ci) + 2iTin, i = l,...,N, n e Z, (4.14) 

where < Imlnwj(ci) < 2it is assumed. There are two possibilities for the form of the 
straight line on the (Intf)-plane. If the straight line is the line interval connecting Ui{n) 
and Uj{m) with i ^ j, the associated special Lagrangian submanifold has the topology of 
2-sphere. In fact, we can parameterize the submanifold by parameters s, t G [0, 1] as 

\nw = Ui{n){l — t) + Uj{m)t, 
/(w,ci 



In X = - In 
2 



w 



2ms, (4.15) 



^ In [Q, it has been argued that this phase should be extended to any real number R. This leads us 
to introduce the notion "graded Lagrangian submanifold" as in [l^. 
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where we have obtained the second hne by examining the condition ( [4.111 ). Keep in mind 
that w in the second hne must be replaced by a function of t using the first hne. The 
variables t and s parameterize a line interval and a circle which is fibered over the interval 
and shrinks at the endpoints of it, respectively. The special Lagrangian submanifolds of 
this type belong to the same homology class as that of the 2-sphere S mentioned above. 

On the other hand, we can imagine that the straight line on the (Inw)-plane starts 
from an arbitrary real number a G R and ends on a + 27rz. Similarly to the above case, 
the form of the straight line on the (Inx)-plane can be determined from ( [4.11[ ). The result 
is 



Inw 
In a; 



a(l -t) + {a + 2m)t, 





62 + 




6 + ^ 




w 



+ 27113, 



(4.16) 



where h is an arbitrary real constant. Again we have to use the first line to eliminate w 
in the second line. In this case, the associated special Lagrangian submanifold is a torus. 
Notice that this special Lagrangian torus has two real dimensional moduli a and 6, while 
special Lagrangian 2-spheres have no moduli. This reflects the fact that, in general, a 
compact special Lagrangian submanifold C in a CY manifold has a deformation moduli 
space of real dimension &^(C), the first Betti number |T6| . 

We can choose special Lagrangian 2-spheres Cj (i = 1, . . . , A^), so that their homol- 
ogy classes [Ci\ form a basis of the group of the compact 2-cycles in M., H2{M., Z). The 
straight line intervals, which are the projection of Ci on the (Iniy)-plane, are given by 



d : \nw = u^{0)il-t) +u^+i{0)t, 
Cn ■■ Inu; = Uiv(0)(l -t) + ui(l)t. 



N 



(4.17) 



We show in Figure ^ the intervals associated with Ci. The adjacent two submanifolds 
Ci and Cj+i intersect only at a single point {w = Wi+i{ci),z = ci,x = y = 0} for 
i = 1, . . . , N — 1, and the unique intersection point between Ci and Cat is given by 
{w = Wi{ci),z = Ci,x = y = 0}. Then we can give the homology group iJ2(-^,Z) a 
structure of lattice by the intersection numbers. 



(C. ■ C,] 
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1, 


0, ■■■ 


0, 
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1, 


-2, 


1, ■■• 











0, 


1, 


















1, 









0, 




■•. 1, 


-2, 


1 




v 


1, 


0, 


■ ■■ 0, 


1, 


-2 


/ 



(4.18) 
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Im(ln w) 
k 




' ► Re(ln w ) 

Figure 2: Special Lagrangian submanifolds in Ai projected on the (Inw)-plane. 
Here we have a special 2-cycle given by the homological sum of all the N 2-cycles, 

TV 

Co = Y.C^■ (4.19) 

1=1 

As the intersection matrix ( |4.18|) indicates, (Cq ■ Cj) = for i = 1, . . . ,N. This can be 
geometrically understood by identifying Co with a submanifold which admits a fibration 
over a sufficiently large circle on B surrounding all points in P. The fiber of Cq is 
a compact circle wrapped on the cylinder F2 — C*. Therefore, the submanifold Cq has 
the topology of torus, whereas Ci {i = 1, . . . , N) has the shape of 2-sphere. The special 
Lagrangian torus given by ( [4 .161 ) is in the homology class Cq. 



4.2 BPS spectrum 

In the original sigma model, the BPS spectrum is provided by DO-branes, (anti- 
) D2-branes wrapped on holomorphic rational curves in Ai and their KK excitations. 
These BPS objects are mapped, in the LG mirror, to the D2-branes wrapped on special 
Lagrangian submanifolds in Ai. The special Lagrangian submanifolds can be represented 
by linear combinations of submanifolds Ci given above. In fact the root lattice of 
the affine Lie algebra Atv-i is identified with the homology lattice generated by Ci. The 
correspondence between the roots and the submanifolds Ci is simply given by 

ai ^ Ci, i= 1,...,N, 
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a+ ^ c+e {a, = a + a+1 + ■ ■ ■ + Q ; i < « < j < iv - 1}, 

6 ^ Co. (4.20) 

The BPS objects in the sigma model on Ai, which are classified by the positive roots 
of Atv-i, are therefore in one-to-one correspondence with D2-branes wrapped on special 
Lagrangian submanifolds in Ai as follows. 

(I) D2-brane wrapped on ctjj in Ai is mapped to D2-brane wrapped on Cij in Ai. 

(II) The bound state of n (> 1) DO-branes on Ai is mapped to D2-brane wrapped on 
nCo in Ai. 

(III) The n (> l)-th KK excitation of D2-brane wrapped on aij in Ai corresponds to 
D2-brane wrapped on Cij + nCo in Ai . 

(IV) The n (> 0)-th KK excitation of anti-D2-brane wrapped on aij in Ai is identified 
with D2-brane wrapped on —Cij + {n + l)Co in Ai. 

The mass of the BPS state, which corresponds to the D2-brane wrapped on a special 
Lagrangian submanifold C of A^, is given by 



M 



c 



(4.21) 



In this formula, the normalization factor is included to reproduce the results in the large 
volume limit which will be presented below. It is rather difficult for an arbitrary to 
obtain the BPS mass formula in a closed form by computing (|4.21| ). We will perform a 



detailed analysis only for the simplest cases = 2, 3 in the following subsections. Before 
doing it, however, it would be worthwhile to confirm that our mirror model reproduces 
some known results for general in the two extremal situations: the large volume and 
orbifold limits. Specifically, we will focus on Cj {i = 1, . . . , iV — 1) and evaluate the 
complexified Kahler class of their mirror 



B., + ^Ja. = J^^ (4.22) 

in these limits. Here, Jq,. and Ba^ denote respectively the Kahler form and B field on Ai 
integrated over the 2-cycle a^. 

Large volume limit 

The large volume limit is to take Re ta = Va ^ +oo. Let us study how the Kahler 
class ( |4.22D behaves in this limit. For Re ta ^ 1, the solutions {wi{ci), . . . , wn{ci)} to 
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the equation f{w,ci) = are approximately given by 



Wl(Ci) ~ 1/ci, 

Wi(ci) ~ Ci-i/ci, i = 2,...,N-l, 

wn{ci) ~ cn-1. (4.23) 

This estimation was derived by assuming |wi(ci)| ^ 1^2(01)1 ^ ■ ■ ■ ^ |wAr(ci)|. Then, the 
Kahler class of the holomorphic 2-cycles in mirror to Ci can be read off by combining 
( TO , ( CT) , (iHD, (pTD and iH) as 

+ 2 Ja, = — In ■ 



2n Wi{ci) 
~ ^t.. (4.24) 

This reproduces the classical picture that iti = 9i + iri can be interpreted as the complex- 
ified Kahler class of the exceptional divisor ctj. 

Orbifold limit 

The orbifold limit is realized by taking Re ta = Va —00. It is interesting to take 
this limit and see the fate of the Kahler class. The N solutions {wi(ci), . . . ,wn{ci)} in 
the limit Re — 00 are given by 



Wi{ci) = exp 



(2i - l)7ri 
N 



1,...,N. (4.25) 



As in the large volume limit, let us confine ourselves to the D2-brane wrapping Ci. The 
resultant Kahler class is 

We have again succeeded to rederive well known facts at the orbifold point. Namely, it 



was verified in ( |4.26| ) that the B field takes the value —1/N |]T9|, ^] and consequently 



the BPS mass is smaller than the ordinary unit I/Qs for DO-brane by the factor 1/N. 
Therefore, we can conclude that the D2-brane wrapping Ci {i = 1, . . . , N — 1) becomes a 



fractional brane [21, E| in the orbifold limit. 
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4.3 CVZ2 

Let us begin with the simplest example, C^/Z2. For this case, the defining equation 
of is given by 



f{w,z) = w^ + zw + 1 = 0, xy = z-e^^l'^. (4.27) 

The discriminant A (2;) of the first equation in ( [4.27| ) is 

A(z) = {z- zi){z - Z2), zi = -2, Z2 = 2. (4.28) 

The special Lagrangian submanifolds in Ai can be found by the general procedure ex- 
plained in subsection 4.1. The two solutions of f{w, e*^/^) = are given by 

^u,{e'^/^) = 1 (e*/2 + V^^) , w^ie'^/') = \ (e'" - ^^^) . (4.29) 

These two points in the w-plane are mapped to an infinite number of points aligned on 
the imaginary axis of the (Inw)-plane, 



Ml 2^) 



lnu;i,2(e*^/^) + 27rm, n G Z, (4.30) 



where we can assume < Im[ln wi(e*^/^)] < Im[ln W2(e*^/^)] < 27r without loss of gen- 
erality. Then, we associate the special Lagrangian submanifold Ci {C2 = — Ci + Co), 
which corresponds to a (anti-) D2-brane on A^, with the straight line segments on the 
(In t(;)-plane, 

Ci : Inw = Mi(0)(l -t) +M2(0)t, 

C2 : Inu; = U2(0)(l -t) + ui(l)t. (4.31) 

Other special Lagrangian submanifolds, which give rise to the n (> l)-th KK modes, are 
given by 

Ci+tlCq : Inw = Mi(0)(l -t) +M2(n)t, 
-Ci + {n + l)CQ : Inw = M2(0)(l -t) +Mi(n + l)t. (4.32) 

All other line segments are identical with the ones appearing in ( [1.31| ) and ( [4.32 ). Finally, 
the special Lagrangian submanifold nCo, which is identified with the bound state of n 
DO-branes on AI, is parameterized by 

tiCq : lnw = a + 27rmt, (4.33) 

where a G R describes the moduli of deforming Cq in Ai along the (In ti;)-plane. Recall 
that there exists one more modulus h as in ( |4.16|) . When combined with the real two 
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Im(ln w) 
k 



" Re(ln w) 




Figure 3: Special Lagrangian submanifolds projected on the (Inw)-plane. 



dimensional moduli space of the Wilson line on a D2-brane wrapping the 2-torus Co, the 
two parameters a and b account for the real four dimensional moduli space of a DO-brane 
moving on Ai. In Figure ^ we depict these special Lagrangian submanifolds projected 
on the (Inw)-plane. 

The mass of a (anti-) D2-brane wrapped on the holomorphic curve ai in A4 can then 
be determined by ( |4.31| ) as 



D2 



D2 



M 



M 



2'Kgs 
1 



In 



In 



'e*i/2 _ Ve*! - 4^ 



e*i/2 + Ve*i - 4 



(4.34) 



This is in agreement, as expected, with the result of |jT9[ in which the GKZ system of 
differential equations has been used to compute the period ( [4.10|) . Similarly, we find from 
( [4.32| ) that the bound state of n DO-branes with these states has the mass 



D2/nD0 
D2/nD0 



M 



M 



1 



1 



In 



In 



oti/2 



4 



^e*i/2 + Ve*i - 4 



4 



e*i/2 + Ve*i -4^ 



27rm 



27r(n + l)i 



(4.35) 
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Im(ln w) 



■ Re(ln iv) 



Ui(l) 



Co 



ui (0) ^ 



Ci 

U2i0) 
Ci 



Figure 4: Special Lagrangian submanifolds on the marginal stability line. 



The mass of the bound state of n DO-branes can be read off from ( |4.33|) , 

riDO : M 



n 



9s 



(4.36) 



which is a familiar result. 

We can use the data of special Lagrangian submanifolds to examine the stability of 
the BPS states. Let us consider the decay of a BPS state 5* into other n BPS states 
Si, ■ ■ ■ , S^. We denote the special Lagrangian submanifolds in M. which correspond 
to these states by and Cf , C^-, ■ ■ ■ , C^, respectively. Furthermore, let 9^ and 9(, . . . ,9^ 
be the special Lagrangian phases of them. For this decay to be possible, the following 
geometrical condition is required to hold: 



0' = e{ = ... = 9i. 



(4.37) 



The first equation guarantees RR charge conservation. The second condition states that 
this decay process is energetically allowed, since it implies that the mass of the initial 
state is equal to the sum of the masses of the final states S'/, S*! , . . . , S^. In the present 
case, there exist submanifolds such that the condition (|4.37|) is satisfied if and only if 
lnwi(e*^''^) and lnw2(e*^/^) have the same real part, as shown in Figure |. This condition 
is rephrased in terms of the parameter ti as 



< Re e*i/2 < 



Z2, 



Im e*i/2 = 0. 



(4.38) 



On this line, the decay of the initial state S"* = DO into the two final states S( = D2 
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and 5*2 = D2 is allowed. [| More generally, the bound state of a D2 state and n DO states 
can decay into n + 1 D2 states and n D2 states. In summary, the following transition 
processes can occur on the line of marginal stability given by (^]3^), 

DO ^ D2 + D2, 
D2/D0 ^ 2D2 + D2, 

D2/nD0 ^ + 1)D2 + nD2, (4.39) 

As stressed in the previous section, on both sides of the line, the states on the l.h.s. of 
( [4.39| ) are stable. In this regard, our model, which possesses 16 supercharges, is clearly 
distinguished from theories with 8 unbroken supersymmetries where the BPS spectrum 
can jump. 

4.4 CVZg 

Let us proceed to the C^/Zs orbifold. The equation (^^ ) of A4 reads 

= w^ + e^*i+i*2w2 + zw + 1 = 0, = 2 - ei*i+^*^ (4.40) 

Special Lagrangian submanifolds in A4 are constructed following the general procedure 
in subsection 4.1. We write three solutions of /(w, ei*^"*"^*^) = by Wi{e^^^'^^*^) with 
i = 1,2,3. We map these three points in the w-plane into an infinite number of points 
aligned on the imaginary axis of the (Inw)-plane, 

Mi(n) = lnWj(e^*^+^*2) + 27rm, n G Z, (4.41) 

where we assume < Im[lntfi(ei*^^^*^)] < Im[lntf2(ei*^"'"^*^)] < Im[ln ^3(6^*^"'"^*^)] < 2-k. 
Then, the special Lagrangian 2-spheres Ci,C2, which correspond to D2-branes wrapped 
around holomorphic rational curves ai,a2 in A4, are associated with the straight line 
segments on the (Inw)-plane, 

Ci : lnw; = Mi(0)(l-t)+M2(0)t, 

C2 : \nw = U2{0){1 - t) + U3{0)t. (4.42) 

^ The notation — DO might be misleading, since the BPS states are in one-to-one correspondence 
with the elements of the cohomology group H^2{M) of a BPS D-brane moduli space M |2^, |l^, not 
with the D-branes themselves. However, the moduli space of DO-brane is the ALE space M itself, and 
H^-i^J^) has a unique element given by (the Poincare dual of) the 2-cycle ai in the case of C^/Z2. It is 
thus justified in this subsection to adopt that notation. In an analogous way, we can use D2, D2/D0 and 
etc. as the names of BPS states. 
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Ui(2) 



1/2(2) 



1/3(1) 



1/2(1) 




1/2(0) 



2 • 



_ _ Im(ln If) 

• I ►ReGnj^;) 

Figure 5: Special Lagrangian submanifolds projected on the (Inw)-plane 



The special Lagrangian 2-torus uCq is parameterized exactly in the same way as ( [4.33|) . 
We depict these special Lagrangian submanifolds in Figure |^. Other special Lagrangian 
2-spheres can be identified easily in Figure ^. 

Let us study the stability of BPS states in J\4 using the data of special Lagrangian 2- 
cycles in A^. In particular, let us concentrate on the bound state of a D2-brane wrapping 
ai and a DO-brane. This state, which we denote by D2i/D0, is associated with special 
Lagrangian 2-cycle Ci + Cq in Ai. Then, let us consider the following two transition 
processes 



{a) 



D2i/D0 
D2i/D0 



2D2i + D2i, 
D2i+2 + D22. 



(4.43) 



Here, D2i+2 denotes a D2-brane wrapping the holomorphic rational curve ai + 02- The 
decay (a) in ( [4.43|) is allowed if In iyi(e^*^"''^*^) and In W2(ei*^"''^*^) have the same real part. 



Re in^{e¥^+¥^) = 0. 

Wi 



{AAA) 



On the other hand, the decay (6) is allowed if M3(0) sits on the straight line stretched 
between Ui(0) and ^2(1) in the (In iy)-plane. 



In 



!^(e§*i+i*2) + 27r2 

Wi 



ln!f^(e§*i+^*2)-27rz 

W2 



r e R. 



(4.45) 
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W2(l) 
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- Ci+Co 

U2(0) 

Ci 



Z^i(O) 



Wi(0) 




'C1+C2 



Im(ln If) 



- Re(ln w) 



(a) 



(b) 



Figure 6: Special Lagrangian submanifolds on the marginal stability line near the orbifold 

point: (a) (Ci + Co) ^ 2Ci + {-C, + Co), (b) (C, + Co) ^ (C, + C2) + (-C2 + Co) 



These conditions give marginal stability lines as real three-dimensional submanifolds in 
the real four- dimensional moduli space spanned by two complex FI parameters ^1,^2- 

Finally, we wish to show an instructive analysis on the marginal stability lines near 
the orbifold limit Ci)C2 ~oo. As we have shown in subsection 4.2, we have B^^ = 
= Jai = = in this limit. Let us consider the moduli space spanned by Q 
with the value of B^- fixed. Then, we have to notice the following parameterization 



^ = Im lnw2{ci) - Im lnu;i(ci), ^ 
2-71(1 = Re lnw2(ci) — Re Inwi(ci), 27r^2 = Re lnw3(ci) — Re lnw2(ci). (4.46) 



Im lnw3(ci)— Im lnw2(ci). 



Here, we have abbreviated ei*^"'"^*^ as Ci. In order to search the lines of marginal stability, 
we choose the value of Q to satisfy the condition ([4.37|) . In other words, we move each 
alignment Ui{n) {i = 1,2,3) to satisfy the condition ( [4.37] ) keeping the value of Imlnwj 
fixed. We depict in Figure |^ the situation where we obtain the BPS states at threshold 
for the process ( [4.43| ). Then, we can easily read off the condition for the decay ( [4.43| ) to 
be possible from Figure ^ and ( [4.46[ ) 



(a) : Ci = 0, 

{b) : Ci + 2C2 = 0. 



(4.47) 



These expressions are none other than the results obtained in [O 
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5 Conclusions and discussion 



In this paper, we have used the idea of P, ^ in order to examine the BPS spectrum 
of D-branes on the ALE space Ai. We have found that the mirror LG theory can provide 
a quite useful framework to study the BPS spectrum. We have exphcitly constructed 
special Lagrangian submanifolds and BPS charge lattice in the mirror manifold Ai. Using 
these ingredients, we have shown how the lines of marginal stability can be determined 
geometrically. The prescription is much simpler than that of Our work provides the 
framework to see the fate of BPS states in the whole moduli space of Ai. Although these 
results are successful, it would be further desired to clarify the role of BPS algebra found 
ll| in our mirror framework. 



m 



In the case of the ALE space Ai with 16 supercharges, there is much simplification 
in describing the BPS D-brane moduli space. In particular, all the lines of marginal 
stability cannot give the decay of BPS states. This fact is deeply connected to the well- 
established McKay correspondence. It is curious to note that our work on a mirror LG 
theory has appeared after the work |11] on a quiver gauge theory. In the case of Calabi- 
Yau threefolds, many works have used mirror symmetry [|l], H at first. This is deeply 
related to the fact that a precise mathematical framework of "McKay correspondence" 
for Calabi-Yau threefolds is still out of reach (however, see |^3|] and ||2^). Also, it is not 
obvious how we should define a concept of the stability. Then, one may have a natural 
question how these two notions are related. Recently, the study on this direction is quite 
active Researches in this direction would provide us with fruitful insights on 

the moduli space of D-branes in the near future. 

At a different point in the moduli space of At, there exists a certain LG description 
|p8| , p^ , |30| . Recently, the modular invariance for the ALE space has been studied using a 
free field approximation We believe that it would be very interesting to understand 
D-branes in this approach in order to fully understand BPS spectrum in the whole moduli 
space of A4. 
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